Influence of permutizers of subgroups on the structure of finite groups  by Qiao, Shouhong et al.
Journal of Pure and Applied Algebra 212 (2008) 2307–2313
Contents lists available at ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
Influence of permutizers of subgroups on the structure of finite groupsI
Shouhong Qiao a, Guohua Qian a,b, Yanming Wang c,a,∗
a School of Math., Zhongshan University, Guangzhou, 510275, China
b Department of Math., Changshu Institute of Technology, Changshu, Jiangsu, 215500, China
c Lingnan College, Zhongshan University, Guangzhou, 510275, China
a r t i c l e i n f o
Article history:
Received 6 August 2007
Received in revised form 28 November
2007
Available online 19 May 2008




a b s t r a c t
A group G is said to satisfy the maximal permutizer condition if the permutizer of any
maximal subgroupM of G in G, PG(M), is G. In this paper, we characterize the supersolubility
of finite groups by using the maximal permutizer condition. We also get some results for
when both G/N and N are supersoluble, which implies that G is supersoluble. Our results
unify or generalize some known results.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A normalizer of a subgroup plays an important role in the study of finite groups. We say a group satisfies the normalizer
condition if every proper subgroup of a group is strictly smaller than its normalizer. An important and classic result is that
a finite group satisfies the normalizer condition if and only if it is a finite nilpotent group. We also know that G is a finite
nilpotent group if and only if every maximal subgroup M of G is normal in G. We define the maximal normalizer condition
as the normalizer of every maximal subgroupM of G that is equal to G. Then we know that the normalizer and the maximal
normalizer condition are equivalent. This tells us that the normalizer condition is a strong condition.
A natural way to generalize the normalizer condition is to replace the normalizer of a subgroup by its permutizer. The
permutizer of a subgroup H of G is defined to be the subgroup generated by all cyclic subgroups of G that permute with H,
i.e. 〈x ∈ G|〈x〉H = H〈x〉〉, denoted by PG(H).
In [3], Beidleman and Robinson defined the permutizer condition. A group is said to satisfy the permutizer condition if
every proper subgroup of a group is strictly smaller than its permutizer.
Some authors have obtained some interesting results about the permutizer condition.
Zhang came to the following conclusions in [7]:
(a) If G is a finite soluble group and satisfies the permutizer condition, then
(1) G is supersoluble if and only if no quotient group of G is isomorphic to S4.
(2) for any odd prime p, G is p-supersoluble.
(3) Q ∈ Syl2(G′), then Q E G, and G/Q is supersoluble.
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In [3], the authors proved an important result.
(b) Each finite group G satisfying the permutizer condition is soluable and every chief factor of G has order 4 or a prime.
Later, Xiaolei Liu and Yanming Wang [5] weakened the conditions of (a) and (b); by only considering the permutizers of
almost maximal subgroups, they got the following results:
(1) Suppose PG(M) = G for any maximal subgroup M of finite group G, then (a) holds.
(2) Suppose PG(M) > M for any almost maximal subgroup M of G, every chief factor of G has order 4 or a prime.
A proper subgroup M is called an almost maximal subgroup of G if M is a maximal subgroup or |G : M| is a power of a
prime number.
Motivated by the above research, we aim to give some new results on the permutizers of subgroups; some of these unify
or generalize the above results. As a by product, we also get some results about when G/N and N are supersoluble implying
that G is supersoluble.
All groups considered in this paper are finite. G always denotes a finite group, p a prime, pi(G) the set of prime divisors of
the order of group G, Sn the symmetric group of degree n, An the alternating group of degree n and MG the core of M in G.
2. Preliminaries
Definition 2.1. A group G is said to satisfy the permutizer condition in G if PG(H) strictly contains H for any subgroup H of G.
Definition 2.2. A group G is said to satisfy the maximal permutizer condition if PG(M) = G for any maximal subgroup M
of G.
Definition 2.3. Let S be a group. A group G is called S-free if no quotient group of any subgroup of G is isomorphic to S.
Lemma 2.4. Let H be a subgroup of G and N a normal subgroup of G. Then:
(1) NG(H) ≤ PG(H).
(2) PG/N(HN/N) ≥ PG(H)N/N.
(3) If N is also a subgroup of H, then PG/N(H/N) = PG(H)/N.
Proof. (1) This is evident.
(2) Since PG(H) = 〈x|x ∈ G, 〈x〉H = H〈x〉〉, PG(H)N/N = 〈xN|x ∈ G, 〈x〉H = H〈x〉〉. Let x be an element of G such that
H〈x〉 = 〈x〉H. Then xN ∈ PG(H)N/N. We have (HN/N)(〈x〉N/N) = HN〈x〉N/N = H〈x〉N/N = 〈x〉HN/N = (〈x〉N/N)(HN/N), which
implies xN ∈ PG/N(HN/N). Hence PG/N(HN/N) ≥ PG(H)N/N.
(3) By (2), it suffices to prove PG/N(H/N) ≤ PG(H)/N.
Let xN ∈ PG/N(H/N) such that (H/N)〈xN〉 = 〈xN〉(H/N). Since N ≤ H, it follows that (〈x〉H)/N = (H〈x〉)/N. Hence 〈x〉H =
H〈x〉. 
Lemma 2.5 ([3, Lemma 3.2]). Let P be a p-group and let N be a nontrivial, elementary abelian normal subgroup of P which has a
complement X in P. If P = 〈y〉X for some element y, then |N| = p if p > 2 and |N| ≤ 4 if p = 2.
Lemma 2.6. G is soluble if G satisfies the maximal permutizer condition.
Proof. LetM be a maximal subgroup of G and PG(M) = G. Then there exists an element x ∈ G \M such that G = 〈x〉M = M〈x〉,
which implies that M has a cyclic supplement in G. By [1, Theorem 1.1], G is soluble. 
Lemma 2.7 ([4, VI, Theorem 4.7]). Suppose G = G1G2. For any prime p, there exist P, P1, P2 such that P = P1P2, where P ∈ Sylp(G),
Pi ∈ Sylp(Gi), i = 1, 2.
Lemma 2.8. Let H be a subgroup of G such that |G : H| is a pi-number. If there is a nilpotent subgroup K of G such that G = HK,
then G = HKpi, where Kpi is a pi-Hall subgroup of K.
Proof. Let K = Kpi′Kpi, where Kpi′ is a pi′-Hall subgroup of K. We can assume that Kpi′ > 1. Let Kp be a nonidentity Sylow
p-subgroup of Kpi′ . Since |G : H| is a pi-number, Sylow p-subgroups of H are Sylow p-subgroups of G. On the other hand, by
Lemma 2.7, there exists a Sylow p-subgroup Hp of H such that HpKp is a Sylow p-subgroup of G. So HpKp = Hp, which implies
Kp ≤ Hp ≤ H. Thus we have Kpi′ ≤ H. Hence G = HK = H(Kpi′Kpi) = (HKpi′)Kpi = HKpi. 
Lemma 2.9 ([6, IX, Theorem 9.3.3]). Suppose 1 = G0 E G1 E · · · E Gs = G is a chief series of G. Then Fp = ⋂p||Gi+1/Gi| CG(Gi+1/Gi)
is p-nilpotent, and Fp(G) contains all normal p-nilpotent subgroups of G.
Lemma 2.10 ([2, Proposition 2.3]). Let G be a group and N a normal subgroup of G such that G = HN for some subgroup H of G.
Suppose M is a maximal subgroup of G with N ≤ M. Then H ∩M is a maximal subgroup of H.
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3. Main results and proofs
3.1. On the general cases
Beforewe prove themain theorems, wewant to use an example to show the difference between themaximal permutizer
condition and the maximal normalizer condition. Because a finite group G satisfies the maximal normalizer condition if and
only G is nilpotent, we know the following are equivalent:
(1) G is nilpotent.
(2) Every subgroup of G satisfies the normalizer condition.
(3) Every normal subgroup of G satisfies the normalizer condition.
(4) Every subgroup of G satisfies the maximal normalizer condition.
(5) Every normal subgroup of G satisfies the maximal normalizer condition.
(6) G satisfies the maximal normalizer condition.
We want to get a similar result on supersoluble groups in terms of permutizers.
We first prove the following
Remark. G satisfies the permutizer condition if G is supersoluble.
Proof. Let L be a subgroup of G and K/LG a chief factor of G where LG is the core of L in G. Since G is supersoluble, K/LG is a
cyclic groupwith prime order. Clearly, K is not contained in L, so there exists an element y ∈ G\L such that K/LG = (〈y〉LG)/LG.
K/LG E G/LG, hence (K/LG)(L/LG) = (L/LG)(K/LG), i.e.,
(〈y〉LG/LG)(L/LG) = (L/LG)(〈y〉LG/LG).
Thus yLG ∈ PG/LG(L/LG), by Lemma 2.4(3), yLG ∈ PG(L)/LG, then y ∈ PG(L), which implies G satisfies the permutizer condition.
This completes the proof. 
We know that any supersolvable group satisfies the permutizer condition and themaximal permutizer condition but the
converse is not true. The classic counterexample is S4. The interesting fact is that S4 satisfies the (maximal) permutizer
condition but A4, the unique maximal subgroup of S4, does not satisfies the maximal permutizer condition, which is
significantly different from the (maximal) normalizer condition.
Example. Let S4 be the symmetry group of order 24. It is easy to check that S4 satisfies the maximal permutizer condition
(actually it satisfies the permutizer condition). However, themaximal subgroup A4 of order 12 does not satisfies themaximal
normalizer condition. In fact, since there is no subgroup of order 6 in A4, the permutizer of any Sylow 3 subgroup of A4 in A4
is the Sylow 3-subgroup itself. (Note that the permutizer of the Sylow 3 subgroup in S4 is a subgroup of order 6.) We think
that this is the main reason why the earlier work of [3] needed to add the S4-free condition to get the supersolubility of a
group.
Note that A4 is a maximal subgroup of S4 with index 2. We have the following theorem.
Theorem 3.1.1. G is supersoluble if and only if every normal subgroup of G with index no more than 2 satisfies the maximal
permutizer condition.
Proof. Since the supersoluble groups form a formation and supersoluble groups satisfy the (maximal) permutizer condition,
we only need to prove the sufficient part.
Assume the claim is false and let G be a counterexample of minimal order. Let N be a minimal normal subgroup of G.
Since supersoluble groups form a saturated formation and the hypotheses are, by Lemma 2.4, inherited by G/N, hence G/N
is supersoluble, and we can suppose that N is the unique minimal normal subgroup of G. Since G is soluble, according to
Lemma 2.6 N is an elementary abelian p-subgroup, for some prime p. If Φ(G) > 1, by the uniqueness of N, N ≤ Φ(G).
G/Φ(G)(∼= (G/N)/(Φ(G)/N)) is supersoluble, which means G is supersoluble by Huppert’s theorem, a contradiction. So we
may assume Φ(G) = 1, which is to say there exists a maximal subgroup M of G such that N is not contained in M, hence
G = MN. M ∩ N E M, M ∩ N E N, thus M ∩ N E G. Because of the minimality of N, M ∩ N = 1. MG = 1, because of the
uniqueness of N. On the other hand, by the hypotheses, there is an element g ∈ G \ M such that G = 〈y〉M. Let H = M ∩ 〈y〉.
Then HG = H〈y〉M = HM ≤ M. Since HG E G, HG ≤ MG = 1. Hence H ≤ HG = 1.
|〈y〉| = |G : M| = |N| = pi, (i is a positive integer).
By Lemma 2.7, there exists S ∈ Sylp(M) such that S〈y〉 = SN is a Sylow p-subgroup of G. By Lemma 2.5, |N| = 4. We consider
the natural action of G on the right cosets of M in G. Then G(∼= G/MG) is isomorphic to a subgroup of S4. Since PA4(A3) = A3,
so G may be isomorphic to S4. |S4 : A4| = 2, but PA4(A3) = A3, which also contradicts the hypothesis. Consequently, the
counterexample of minimal does not exist. The proof is completed. 
Now we can get a similar result about supersolubility on the permutizer condition which corresponds to nilpotency on
the normalizer condition, though we know that a group with the (maximal) permutizer condition may not be supersoluble.
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Theorem 3.1.2. Let G be a finite group. Then the following are equivalent:
(1) G is supersoluble.
(2) Every subgroup of G satisfies the permutizer condition.
(3) Every normal subgroup of G satisfies the permutizer condition.
(4) Every subgroup of G satisfies the maximal permutizer condition.
(5) Every normal subgroup of G satisfies the maximal permutizer condition.
(6) Every normal subgroup of G with index no more than 2 satisfies the maximal permutizer condition.
This generalizes [5, Theorem 4].
In the following theorem we want to show that S4 is almost the only bad example to get supersolubility when the group
satisfies the maximal permutizer condition.
Theorem 3.1.1 is generalized in the following theorem
Theorem 3.1.3. A finite group G is supersoluble if and only if G satisfies the maximal permutizer condition and there exists a
closed class of groups, P, of the quotient group, such that G lies in P but S4 does not lie in P.
Proof. If G is supersoluble, we choose the class of supersoluble groups as P, then G lies in P but S4 does not lie in P.
So we only need to prove the “if” part. By Lemma 2.6, G is soluble.
Let N be a minimal normal subgroup of G, N is an elementary abelian subgroup of prime power order. By Lemma 2.4, the
hypotheses are inherited by G/N. Thus G/N is supersoluble by the choice of G. Therefore, N is the unique minimal normal
subgroup of G and Φ(G) = 1, since supersoluble groups form a saturated formation. So there exists a maximal subgroup
M of G such that N is not contained in M; thus G = MN, and M ∩ N = 1 by minimality of N. Also MG = 1 because of the
uniqueness of N. Obviously, |G : M|(= |N|) is a power of a prime. By the assumption, there exists an element y ∈ G \ M
such that G = 〈y〉M. According to Lemma 2.8, we can assume 〈y〉 is a subgroup of prime power order. By Lemma 2.7, there
exists a Sylow subgroup S of M such that 〈y〉S = NS is a Sylow subgroup of G. By Lemma 2.5, |N| = 4. Now we consider
the permutation representation of G on M. Since MG = 1, G is isomorphic to a subgroup of S4. Note that only S4 and A4 are
nonsupersoluble subgroups of S4. The fact that PA4(C3) = C3 for any Sylow 3-subgroup of A4 and C3 is a maximal subgroup
of A4 implies that A4 does not satisfy the assumption. Consequently, only S4 may be isomorphic to G, which implies S4 lies in
P, a contradiction. 
Corollary 3.1.4. The following statements are equivalent
(1) G is supersoluble.
(2) G and G′ satisfy the maximal permutizer condition.
(3) G and every normal subgroup of G with index 2 satisfy the maximal permutizer condition
Proof. We only need to check that the hypothesis in (2) or (3) is quotient group closed.
(2) Clearly,G by satisfying themaximal permutizer condition implies thatG/N satisfies themaximal permutizer condition
for any normal subgroup N of G. Now suppose G′ satisfies the maximal permutizer condition. Clearly (G/N)′ = G′N/N. For
any maximal subgroup K/N of G′N/N, K/N = (K ∩ G′)N/N. According to Lemma 2.10, K ∩ G′ is a maximal subgroup of G′. By
Lemma 2.4(2)
PG′N/N((K ∩ G′)N/N) ≥ (PG′N(K ∩ G′))N/N ≥ PG′(K ∩ G′)N/N = G′N/N.
Hence, P(G/N)′(K/N) = (G/N)′.
(3) is obvious. 
Remark. There exist many classes of groups which satisfy the conditions in Theorem 3.1.3. For example, classes of 2-
supersoluble groups, 2-nilpotent groups and groups with the Sylow tower property. We can use a unique method to get
a series of characterizations of supersolubility of a finite group in terms of the maximal permutizer condition.
Corollary 3.1.5. Suppose G satisfies the maximal permutizer condition. Then the following statements are equivalent:
(1) G is supersoluble.
(2) G′ is supersoluble.
(3) G is S4-free.
(4) G′ is A4-free.
(5) G has a Sylow tower.
(6) G′ has a Sylow tower.
(7) G′ is nilpotent.
(8) G is 2-nilpotent.
(9) G′ is 2-nilpotent
(10) G is 2-supersoluble.
(11) G′ is 2-supersoluble.
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Remark. Conditions (2)–(11) in the corollary are inherited by quotient groups and these conditions are satisfied by
supersoluble groups, but none of them is satisfied by S4.
The following numerical characterization about a finite soluble group is of independent interest.
By Lemma 2.5 G is soluble if G satisfies the maximal permutizer condition. If we further add the permutizer condition to
every subgroup of Gwith prime power index, then we can determine all of the chief factors of G.
Theorem 3.1.6. Let G be a soluble group. If PG(M) > M for any subgroup M of prime power index in G, then every chief factor of
G has order 4 or a prime.
Proof. Let G be a counterexample of minimal order and choose aminimal normal subgroup A of G, where A is an elementary
abelian group of prime power order. G/A satisfies the hypothesis. Hence each chief factor of G/A has order 4 or a prime and
A is the unique minimal normal subgroup of G. Let |A| = pα, then |A| > p if p > 2 and |A| > 4 if p = 2. Let N = F(G). Then
N = Op(G) and A ≤ Z(N) by the uniqueness of A. Let F/N = Op′(G/N), then F > N since G is soluble. By the Schur–Zassenhaus
theorem, there exists a subgroup V ≤ F such that F = VN and V ∩ N = 1. If L = NG(V), then the Frattini argument yields
G = LN. Since L ∩ A E LN = G, either L ∩ A = 1 or A ≤ L.
Suppose A ≤ L. Then [A, V] = 1, and so A ≤ Z(F). Let Op′(G/A) = T/A. In the first place, TN/N ≤ Op′(G/N) = F/N, so
T ≤ F and [A, T] = 1. Hence T = A × Op′(T), which shows T = A. Thus Fp(G) = Op′p(G/A) = Op(G/A) = N/A. Therefore, by
Lemma 2.7, N/A is the intersection of the centralizers of the p-chief factors of G/A. If p > 2, G/N is a subgroup of a direct
product of copies of the cyclic group Cp−1. Hence G/N is abelian, which means F = G, and A ≤ Z(G). From this, we can get the
fact that |A| is a prime, a contradiction. If p = 2, G/N is a subgroup of a direct product of copies of S3, which means G/N is a
2-nilpotent group; so G/N is an extension of a 3-group by a 2-group. Since F/N = O2′(G/N), it follows that G/F is a 2-group.
But G/F acts irreducibly on A since A is a minimal normal subgroup of G and A ≤ Z(F). So Amust be contained in Z(G) and |A|
is a prime number, also a contradiction.
Now we suppose L ∩ A = 1. Let U be chosen maximal subject to L ≤ U and U ∩ A = 1. U < G clearly. On the other hand,
since |G : U| divides |G : L| and the latter is a power of p, |G : U| is also a power of p. By the assumption, there is an element
g ∈ G \ U such that 〈g〉U = U〈g〉. Noting that |〈g〉U : U| divides |G : U| and the latter is a power of p, we may suppose that g is
a p-element by Lemma 2.8.
Now 〈g〉U ∩ A 6= 1 by maximality of U. But 〈g〉U ∩ A E 〈g〉UN = G, so that A ≤ 〈g〉U and UA ≤ 〈g〉U. Thus by Modular law,
UA = (UA) ∩ 〈g〉U = (UA ∩ 〈g〉)U.
Let Q be a Sylow p-subgroup of UA containing UA ∩ 〈g〉. Since A ≤ Q , we have
Q = Q ∩ (UA) = (Q ∩ U)A.
We also have
Q = Q ∩ (UA) = Q ∩ ((UA ∩ 〈g〉)U) = (UA ∩ 〈g〉)(Q ∩ U).
By Lemma 2.5, |A| = p if p > 2 and |A| = 4 if p = 2, a final contradiction. 
Remark. This theorem can be viewed as a generalization of Theorem 3 in [5] and is a generalization of the basic theorem of
[2] (Theorem 3.3).
Corollary 3.1.7. Suppose G satisfies the hypotheses of Theorem 3.1.6, then every maximal subgroup of G has index 4 or a prime.
3.2. On the quotient groups
In general, the supersolubility of G could not be deduced from the supersolubility of both G/H and H.
For example, let G be S4 and H be B4, where B4 is Klein’s four-group. It is clear that both S4/B4 and B4 are supersoluble,
but S4 is not. Even if we assume that G satisfies the permutizer condition, the counterexample is still there. The following
theorem suggests that we can improve it if we remove the bad element B4.
In this subsection, we try to partly answer the question of when the fact of both G/N and N being supersoluble implies G
is supersoluble.
Theorem 3.2.1. Suppose G satisfies the maximal permutizer condition. If there exists H E G such that G/H is supersoluble, then
G is supersoluble if H is B4-free.
Proof. Let G be a counterexample of minimal order and let N be a minimal normal subgroup of G. Since (G/N)/(HN/N),
which is isomorphic to G/(HN), is supersoluble, and (HN)/N(∼= H/(H ∩ N)) is also B4-free, then G/N is supersoluble. Because
the class of supersoluble groups is a saturated formation, we may suppose Φ(G) = 1, and N is the unique minimal normal
subgroup of G. Therefore, there is a maximal subgroup of G such that G = MN,M∩N = 1. On the other hand, by assumption,
there is an element g ∈ G \ M such that G = 〈y〉M. Since G is soluble, by Lemma 2.6, N is an elementary abelian p-group for
some prime p. Since |〈y〉M : M| = |G : M| = |N|, according to Lemma 2.8 we may suppose y is a p-element. By Lemma 2.7,
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there is a Sylow p-subgroup S of M such that NS = N〈y〉 is a Sylow p-subgroup of G. It follows from Lemma 2.5 that |N| = 4.
The uniqueness of N implies thatMG = 1. We consider the permutation representation of G onM; G (∼= G/MG) is isomorphic
to a subgroup of S4, so G ∼= S4 or A4. Because H E G and 4 is a divisor of |H|, we have H ∼= S4, H ∼= A4 or H ∼= B4. All these are
contrary to the assumption that H is B4-free. Therefore, G is supersoluble. 
Theorem 3.2.2. Suppose that H E G such that G/H is supersoluble. Suppose that H ∩ M is either H or a maximal subgroup of H
for any maximal subgroup M of G. Suppose that H satisfies the maximal permutizer condition. Then the following hold:
(1) Let p ∈ pi(G) be an odd prime, then G is p-supersoluble.
(2) G is supersoluble if H is of odd order.
(3) G is supersoluble if H is B4-free.
Proof. G is soluble since H is soluble by Lemma 2.6.
(1) Assume G is not p-supersoluble and let G be a counterexample of smallest order. Let N be a minimal normal subgroup
of G; N is an elementary abelian q-group, for some prime q. Then (G/N)/(HN)/N isomorphic with G/(HN) is supersoluble.
Now we check to see that HN/N satisfies the hypotheses of the theorem imposed on H.
Suppose M/N is a maximal subgroup of G/N. Then M/N ∩ HN/N = (M ∩ H)N/N equals HN/N or a maximal subgroup of
HN/N. Suppose K/N is a maximal subgroup of HN/N, then K/N = (K ∩ H)N/N. Lemma 2.10 implies that K ∩ H is a maximal
subgroup of H. By Lemma 2.4(2),
PHN/N((K ∩ H)N/N) ≥ (PHN(K ∩ H))N/N ≥ PH(K ∩ H)N/N = HN/N.
Thus, HN/N satisfies the maximal permutizer condition.
Consequently, G/N is p-supersoluble, and we have: q = p, N is the unique minimal normal subgroup, and N is contained
in H. Furthermore, we can suppose Φ(G) = 1. There is a maximal subgroup M of G such that G = MN, and M ∩ N = 1.
H = H ∩ MN = N(H ∩ M). By assumption, there exists an element y ∈ H such that H = 〈y〉(H ∩ M). We can suppose y is
a p-element according to Lemma 2.8. By Lemma 2.7, there is a Sylow p-subgroup of H ∩ M such that NS = N〈y〉 is a Sylow
p-subgroup of H. N ∩ S ≤ N ∩ (H ∩M) ≤ N ∩M = 1. By Lemma 2.5, |N| = p, a contradiction; this implies G is p-supersoluble.
(2) This is a corollary of (1).
(3) Assume G is not supersoluble and let G be a counterexample of minimal order. Since H is B4-free H is also S4-free
and by Corollary 3.1.5 H is supersoluble. Let N be a minimal normal subgroup of G. N is an elementary abelian p-group for
some prime p. (G/N)/(HN)/N (∼= G/(HN)) is supersoluble. With similar arguments as in the proof of (1), HN/N satisfies the
hypotheses of the theorem imposed on H. Because of the minimality of G, G/N is supersoluble. Since supersoluble groups
form a saturated formation, we may suppose Φ(G) = 1, N is the unique minimal normal subgroup of G and N ≤ H. Because
Φ(G) = 1, there is amaximal subgroupM of G such that G = MN andM∩N = 1. H = H∩(MN) = N(H∩M). On the other hand,
by assumption, H ∩ M is a maximal subgroup of H, thus there is an element y ∈ H such that H = 〈y〉(H ∩ M). By Lemma 2.8,
we may suppose y is a p-element. By Lemma 2.7, there exists a Sylow p-subgroup S of H ∩M such that NS = N〈y〉. If H is not
a 2-group, by the fact that H has a Sylow tower and N is the unique minmal subgroup of G, |N|must be an odd number. By
Lemma 2.5, |N| = p, then G is supersoluble, which contradicts the choice of G. Therefore, we can suppose H is a 2-group, then
|N| = 4. We consider the natural action of H on the right cosets of H ∩M in H. Then H/(H ∩M)H is isomorphic to a subgroup
of S4. Because N ≤ H, and N ∩ (H ∩ M) ≤ M ∩ N = 1, |N| is a divisor of the order of H/(H ∩ M)H . Consequently, H/(H ∩ M)H
may be isomorphic with Q2 or B4, where Q2 ∈ Syl2(S4) and B4 is the Klein’s four-group. Both cases contradict the hypothesis
that H is B4-free. Hence G is supersoluble.
We can choose H to get some results of special interest.
If H = 1 or H is a cyclic subgroup of prime order p, then all the conclusions of Theorem 3.2.2 hold and so G is supersoluble.
If H = G, (1), (2), (3) are just a part of results of Theorem 2 in [5]. 
Let H be a cyclic subgroup. Suppose H E G such that G/H is supersoluble, thus G is supersoluble. However if H is not cyclic,
the claim is not true.
For example, let G be A4 and H be B4, where B4 is the Klein’s four-group. It is clear that both A4/B4 and B4 are supersoluble,
but A4 is not. This means that even if we assume that G is a supersoluble group by an extension of a cyclic group of order
3, the counterexample is still there. The following theorem suggests that we can improve it if H has good properties of
supplementation. As an application we generalize some well known theorems.
Recall that a subgroup K of G is called almost maximal if K is a maximal subgroup of G or the index of K in G is of prime
power order.
Theorem 3.2.3. Suppose that H E G such that G/H is supersoluble. Suppose that there is an element y ∈ H such that H = 〈y〉L for
any almost maximal subgroup L of H; then G is supersoluble.
Proof. According to Lemma 2.6 H is soluble, then G is soluble.
(I) We first prove that H is supersoluble.
Assume H is not supersoluble and let H be a counterexample of minimal order. Let N be a minimal normal subgroup of H;
N is an elementary abelian p-group, for some p, since H is soluble. The hypotheses of (a) imposed on H are inherited by H/N,
so we can assume that H/N is supersoluble for any normal subgroup of H. In particular, we can assume that N is the unique
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minimal normal subgroup of H and Φ(H) = 1 since supersoluble groups form a saturated formation. Therefore, there is a
maximal subgroup L of H such that H = LN and L∩ N = 1. Clearly, L is a subgroup of prime power index in H. By assumption,
there is an element y ∈ H such that H = 〈y〉L. By Lemma 2.8, we can suppose y is a p-element. Let P be a Sylow subgroup of H
which contains y. Then N ≤ P and P = N(P∩ L) and P = 〈y〉(P∩ L). By Lemma 2.5, |N| is a prime or |N| = 4. If |N| is a prime, we
have H is supersoluble, a contradiction. So we assume that |N| = 4. We consider the natural actions of H on the right cosets
of L in H. By the uniqueness of N we have LH = 1. Consequently, H (∼= H/LH) is isomorphic to a subgroup of S4. Since |N| = 4
which devides |H|, only the following cases are possible: H ∼= S4, H ∼= A4, H ∼= Q2 or H ∼= B4, where Q2 ∈ Syl2(S4). However,
all these cases contradict the hypothesis that every almost maximal subgroup of H has a cyclic supplement in H. (In fact, we
can choose the following pairs {(S4, S3), (A4, C3), (Q8, Z(Q8)), (B4, 1)} to check.) Consequently, the final contradiction implies
that H is supersoluble.
(II) Now we prove G is supersoluble by induction on |G|. Suppose Φ(G) > 1.
G D HΦ(G) D H, (G/Φ(G))/((HΦ(G))/Φ(G)) (∼= G/(HΦ(G))) is supersoluble, and (HΦ(G))/Φ(G) ∼= H/(H∩Φ(G)) satisfies
the hypotheses of the theorem imposed on H. By induction, G/Φ(G) is supersoluble. Of course, G is supersoluble. So we can
suppose Φ(G) = 1.
If H is a p-group, the unit group 1 is an almost maximal subgroup of H. By assumption, there is an element y ∈ H such
that H = 1〈y〉, which implies G is supersoluble. Consequently, we can suppose H is not a p-group. By (I), H is supersoluble,
so H has a Sylow tower, which means there exist P ∈ Sylp(H) such that P C H, for some p > 2. Furthermore, P C G. Choose a
minimal normal subgroup N of Gwhich is an elementary abelian group of prime power order. G/N satisfies the hypotheses,
hence G/N is supersoluble. Since supersoluble groups form a saturated formation, we can suppose N is the unique minimal
subgroup of G. Because P C G, by the uniqueness of N, N ≤ P. For Φ(G) = 1, there is a maximal subgroup M of G such that
G = MN andM∩N = 1. H = H∩MN = N(H∩M). N∩ (H∩M) ≤ N∩M = 1, thus |H : H∩M| is a power of p. By the hypotheses
of the theorem and Lemma 2.8, there is a p-element y ∈ H such that H = 〈y〉(H ∩ M). By Lemma 2.7, there exists a Sylow
p-subgroup of H ∩M such that NS = S〈y〉 is a Sylow p-subgroup of H. By Lemma 2.5, |N| = p. By induction, G is supersoluble.
The proof is completed. 
Corollary 3.2.4. Suppose thatH E G such that G/H is supersoluble. If all the Sylow subgroups of H are cyclic, thenG is supersoluble.
Particularly, if H is a square free subgroup, then G is supersoluble.
Let H = G; we get the following well known theorem as our corollary.
Corollary 3.2.5. If all of the Sylow subgroups of G are cyclic, then G is supersoluble.
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